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Abstract 

The structure of square integrable functionals measurable with respect to the 
n—point motion of the Arratia flow is studied. Relying on the change of measure 
technique, a new construction of multiple stochastic integrals along trajectories of 
the flow is presented. The analogue of the Ito-Wiener expansion for square integrable 
functionals from the Arratia’s flow n—point motion is constructed. 


1 Introduction 

The present paper continues the study of orthogonal structure of square 
integrable functionals from coalescing stochastic flows undertaken in [[Tj. 
The main object of our considerations is the Arratia flow on the real line. 
It is a family {x{u, t) : w G M, t > 0} of random variables such that 

1) for every w G M x{u, ■) is a continuous square integrable martingale 
with respect to the hltration IFf = a{{x{v, s) : n G M, s < t}); 

2) x{u, 0) = u] 

3) < x{u, ■),x{v, •) > (t) = {t- Tu^v)+, where = inf{t > 0 : x{u, t) = 
x{v,t)}. 

The Arratia flow was constructed in [2]. Informally, it represents the 
motion of Brownian particles that start from every point of M and move 
independently until some of the particles meet each other. Thereafter these 
particles coalesce and continue their motion as one particle. Given u eMA 
the M”—valued process Xu{t) = {x{ui,t).... ,x{un,t)), t > 0 is called the 
n—point motion of the Arratia flow starting from u. It is a Feller process 
in MA [31 Prop. 4.2]. 

Development of stochastic analysis for the Arratia flow was initiated 
by A. A. Dorogovtsev in [B] where the stochastic integral with respect to 
the Arratia flow was built. It was applied to prove analogues of the Glark 
representation theorem, the Girsanov theorem and to define the Fourier- 
Wiener transform for functionals of the Arratia flow [H El |9] . Let an be the 
moment when all particles {x{u, ■),u G [0,1]} have coalesced into exactly 
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n particles, i.e. 


an = inf{t > 0 : |x([ 0 , 1 ],t)| = n}. 

Denote the trajectories of the n particles on the interval [(j„, cr„-i) by 
( 77 ”,... , 77 ”). By definition p], the stochastic integral with respect to the 
Arratia flow is the following sum of one-dimensional stochastic integrals 
with respect to individual trajectories 


(X) n 


EE 

n=l 1=1 






( 1 . 1 ) 


This construction and its applications in ||7|, El E] rely heavily on the fact 
that individual trajectory x{u, ■) is a Brownian motion. 

For 77 > 1 the 77— point motion {x{ui, •)••••? ■)) longer Gaus¬ 

sian process. Moreover, the hltration generated by the Arratia flow is an 
example of a black noise in the terminology of B. S. Tsirelson [3] (i.e. the 
Gaussian part of the hltration is trivial). Understanding such hltration was 
the main motivation of the research undertaken in |jT]. In this paper we 
investigate the structure of square integrable random variables measurable 
with respect to the hnite-point motion Xu of the Arratia how. 

Among the main instruments in the description of functionals from the 
Gaussian noise are the Ito-Wiener expansion and its specihcation - the 
Krylov-Veretennikov expansion . These notions proved to be fruitfull in 
the study of hltrations with non-trivial Gaussian parts as well [3] . Gonsider 
the Brownian motion > 0}. Let L‘^{w) be the space of square inte¬ 

grable random variables measurable with respect to a{w). The Ito-Wiener 
expansion is the representation of L?‘{w) as a Hilbert sum of pairwise or¬ 
thogonal subspaces |II] 


a(w) = ®» 

where In ■ > L‘^{w) is the operator of 77—fold stochastic inte¬ 

gration with respect to tc. 


InOj — 




. .,tn)dw{ti) . ..dw{tn). 


An analogous decomposition holds in a more general case of L^(/3), 
where /3 is a Gaussian random measure on a certain measure space jTD] . 
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In the case of Arratia flow, multiple stochastic integrals 

rtn rt2 

I ... a{ti,... ,tn)dx{ui,ti).. .dx{un,tn) (1-2) 

0 Jo 

of different multiplicity are no longer orthogonal (which in turn comes from 
the randomness of the quadratic covariation < x(u, •), •) >). This ob¬ 

stacle makes integrals (11.21) an inappropriate tool in description of func¬ 
tionals from the Arratia flow. For example, the expansion of a random 
variable as a series of integrals (ll.2l) is nonunique ^ Ex. 1]. Analogous 
problem for the stopped Brownian motion was treated in [[12] and |[I]. Let 
r be the moment when the Brownian motion w has reached a level a > 0. 
Again, multiple stochastic integrals 



rh 

i a{ti^ . . . ^tn)dw{ti) . . .dw{tn) (1-3) 

0 

of different multiplicity fail to be orthogonal (due to the randomness of the 
quadratic variation < «;(• A r) >). An application of the Gram-Schmidt 
orthogonalization procedure to integrals of the kind (11.31) was studied in 
|I2]. However, the structure of integrals (ll.3l) occured to be too compli¬ 
cated either to hnd a closed expression for resulting orthogonal objects 
or to calculate the orthogonal expansion for a specihc functional via this 
procedure. It was noted in [T] that rather to apply classical orthogonal¬ 
ization procedure, a simple transformation of differentials in (11.31) leads to 
orthogonal multiple stochastic integrals. Moreover, it was shown that thus 
constructed integrals constitute an analogue of the Ito-Wiener expansion 
for the stopped Brownian motion. Namely, stochastic integrals 






. .,tn){dw{ti) - f{w{ti),ti,tn)dti) . . . 


. . . {dw{tn-l) - tn)dtn-l)dw{tn), 


(1.4) 


with f{y, s, t) = dy logP(V re [s, t] y + w{r — s) < g{r)), corresponding to 
different n are orthogonal, and any square integrable w{- A r)—measurable 
random variable can be represented as a series of integrals (11.41) . Thus, 
the space /\ t)) of all square integrable functionals oi w{- /\ t) is 

the Hilbert sum of pairwise orthogonal subspaces of multiple stochastic 
integrals (11.41) . Moreover, the space of n—fold multiple stochastic integrals 
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(Il.4l) is naturally isometric to the space L^(P(r > tn)dt), as the squared 
norm of the integral (11.41) equals 


'‘CX) 


^^2 


r > tn)a{ti, ... . ..dtr 


As opposed to the Gaussian case, stochastic integrals (ll.4l) are no longer 
polynomials from the stopped Brownian motion. 

In the present paper we adopt the approach of ||T] to study the structure 
of the space Lp‘{x^ of all square integrable functionals measurable with 
respect to the n—point motion Xu of the Arratia flow. We find suitable 
transformations of differentials in (ll.2l) that lead to multiple stochastic 
integrals with the properties 

1 ) multiple stochastic integrals of different multiplicity are orthogonal 
in L‘^{xu)] 

2 ) the space of multiple stochastic integrals of a fixed multiplicity is 
closed in Lp‘{xu) (and in fact is naturally isometric to certain Ld space of 
integrands); 

3) the Hilbert sum of all spaces of multiple stochastic integrals coincides 
with LP‘{xu)] 

thus defining an analogue of the ltd-Wiener expansion of the space L‘^{xy)- 

Next we introduce the notation and briefly describe the construction. 
In the end of the Introduction we discuss applications of our results to the 
description of square integrable functionals measurable with respect to the 
whole Arratia flow x. 

Notations. 

For any metric space A, B{X) denotes the Borel cr—field on A. 

Following regions will be used: 

= {w e : Ml < ... < Un\] tS" = {m G : Ml > 0}; = 

X ... X Sl^. 

is the space of all continuous functions u : 1R+ —> equipped with 

the metric of uniform convergence on compacts. C’^([0 ,r]) is the space of 
all continuous functions / : [0,r] —>■ equipped with the uniform norm. 

= B{C^) is the Borel a—held on C^. 

w : 1R+ X C" —> is the canonical process on C^, i.e. w{t,Lj) = Lj{t). 

is equipped with the natural hltration {B^)t>o, i.e. 

0 < s < t). 


B^ = a(w(s) : 
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V is the cr—field of progressively measurable sets on M+ x It is a 
cr—field of all subsets A c M+ x such that for alH > 0 

[0,t] xTe B{[0 a]) X 

(see, for example, ||T3l Ch. I, §4]). Progressively measurable processes arise 
naturally as integrands in stochastic integrals with respect to the Brownian 
motion jT2l Ch. IV, §2]. 

Given u G [A denotes the Wiener measure on (C”, B”) that corre¬ 
sponds to the standard n—dimensional Brownian motion starting from u. 
For every k G {1,..., n}, denotes the operator of stochastic integration 
with respect to the Brownian motion Wk on (C”, 

: L\R+ X C^,V,dt X ii^{duj)) {C^, , lA), 

(1.5) 

Tlh= / h{t)dwk{t). 

Jo 

According to the Clark representation formula IIS, Ch.5, Th.(3.5)] each 
functional g G B'^, gA) is uniquely represented as a sum 

n 

k=l 

Denote Q^g = gt, so that : L^(C”, B”,/i^) —> L^(]R+ x C^^V^dt x 
g^{duj))^ in such a way that for each g G B^, /i“). 


g = E'^’‘g + J2mQl9)- 


( 1 . 6 ) 


k=l 


For all (/ci,..., /cd) G {1,..., nY, denotes the operator of d—fold 

stochastic integration with respect to Brownian motions Wk^, ■ ■ ■ ^Wk^ on 

(CCBA/i"); 


JU 

ki,...,kd 


roo pt 2 

a= ... a{t)dwk^{ti).. .dwt^{td). 


(1.7) 


Following formulas hold 


E""/," ..U / amt)dt; 


§1 
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^ku...,kd^ 


a{ti,... ,td-i,t)dwk,{ti) 


’OO 


POO / pt pt2 

Jo \ Jo Jo 

dwki_Xtd-\)\dwkAi) = Ik,....ki.Sd(0)dwkdt) 


( 1 . 8 ) 


where 


• • • 5 l) 


< 2 (^ 1 , . . . , td—\i 1 td—l tf 
0,td-l > t. 


Existence of a progressively measurable modification for the process 
{^ki — 0} follows from the existence of a progressively mea¬ 

surable modihcation for any measurable adapted process (see, for example, 


JCn is the set of all hnite sequences of elements i.e. JCn = 

• • • ’ I'l^® length of a sequence k ^ JCn is denoted by |/c|; = 

/Cl X ... X JCn- With these notations the Ito-Wiener expansion for the 
n—dimensional Brownian motion is 

L\C\B\ii'‘) = (BkeK.Jt{L\S'^')). (1.9) 

Respectively, operators are defined in such 

a way that every g £ gC) has a unique series representation 

a = E (i-io) 

fcG/C„ 

Multiple stochastic integrals with respect to Xu- 

Given u £ <S”, denotes the distribution in of the n—point 

motion of the Arratia flow started from u. is the moment when two 
of trajectories of x^ have met each other. Measures and coincide on 
the cr—held B"^^^ [13]. In particular, when n = 1, is the distribution of 
the Brownian motion started from u. Hence, the Ito-Wiener expansion of 
the space L‘^{C^, B^, ly^) is determined by the multiple stochastic integrals 
along the Brownian motion w, i.e. 

If n > 1, the moment is z/^—a.s. hnite and only two of the trajectories 
have coalesced, i.e. the set {'zz;i(T 5 n),..., Wn{Ts-^)} consists of exactly n — 1 
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points. Enumerate these points in the ascending order by Pi~^,... ,Pn-i 
{Pi~^ < ■ ■ ■ < Pn-i)- According to the strong Markov property, the distri¬ 
bution of Xu after the moment coincides with the distribution of Xpu-i 
(to be precise, it coincides with the distribution of Xpn-i lifted to the space 
C” by repeating a coordinate j for which Wj{Tsn) = Wj+i{Tsr>-) = p]~^)- 
Hence, the space (C”, v^) is naturally isomorphic to the space with 

mixture of measures {C^~^ x x 

Consider at hrst the case n = 2 and a functional / G L‘^ {C‘^, B‘^, . 

To give an example of how our construction works, let us describe the 
orthogonal expansion of / leaving measurability questions apart. The con¬ 
siderations below are justihed in Theorems 12.1113.11 and Lemmata 14.1114.2 , 
Due to the isomorphism described above, / = where uj^ 

refers to the only trajectory left after the coalescence, and lu‘^ refers to 
the 2-point motion before the coalescence. For every hxed G 

L‘^{C^, pF ^). Hence, f{-,uj‘^) possesses an Ito-Wiener expansion 

fcie/Ci 


In this expansion, each kernel a^i is a functional of uP' and in fact 

By the Theorem 12.11 •) can be further expanded as a sum of multiple 

stochastic integrals with respect to the stopped Brownian motion (12.271) 


k^elC2 

Finally, in L\C\B^iyp 


where 




f= X ^k\k^aki^kh 

(1.11) 

(fcl,P)G/Ci,2 


= /J)/"" \j^f\aki^kpt\ ■))(^^))(^^)^ 

(1.12) 


all the summands are pairwise orthogonal. Theorem 12.11 implies that the 
squared norm of ak\kp equals 



aki,kpt^:t‘^)^cts2{u,tJf.2\)dPdP, 


(1.13) 
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as-^{u^ t) is the probability that trajectories of a two-dimensional Brownian 
motion started from u haven’t met up to the moment t. A^i ^2 is the op¬ 
erator of multiple stochastic integration with respect to Xu- The index 
defines the multiplicity of integrals along the only trajectory left after the 
coalescence and the index k‘^ defines the order of differentials and the mul¬ 
tiplicity of integrals along trajectories before the coalescence. Respectively, 
the kernel a^i p is a function of (R, where P = ^ varies over 

the dimensional simplex .To handle questions like measurability 
of the expression in (11.121) . we give following definition. Let (^,X) 

be measurable spaces, be a regular family of measures on 

that is a mapping {B, uj) —> of B x Q into [0, 00 ], such that 

1) for all cj G jjP is a (possibly infinite) measure on {X, B)] 

2 ) for every B E B the mapping a; —)► fi^{B) is measurable. 

For a detailed exposition of the theory of regular measures see [231 Ch. 10]. 

Definition 1.1. Assume that for each to E Q, is a measurable function 
on {X^B). If there exists measurable mapping h : T x Q —)■ R such that 

Vca G hf^Lj) = — a.s., 

then we will say that a family can be realized as a measurable 

function on X x PL with respect to the family When all measures 

are equal to some measure p we will say that a family can be 

realized as a measurable function with respect to the measure p. 

Section 4 is devoted to two general results on measurable realizations which 
cover all the measurability issues of our construction. 

In section 3 the described approach will be carried out to define multiple 
stochastic integrals with respect to Xu that produce an analogue of the Ito- 
Wiener expansion of the space L‘^{C^, B'^, W) (Theorem 13.111 . The only 
modification comes from the formula (11.131) . Consider, for example, n = 3. 
Then every / G L^(C^, B^, W) is a functional of (cj^, where uA refers to 
two trajectories left after the first coalescence, and refers to the 3-point 
motion before the first coalescence. As above, /(•, is expanded into the 

(fcl,fc2)G/CiX/C2 
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sum 








Due to (11.131) the squared norm of the summand A^j^i i, 2 ak^,k'^ equals 



,|fel|,|fc2| 




(1.14) 


what means that afci,fc2(t^, •) ^ t^p|)/i^(da;^)). 

Hence, for a^i •) to become a square integrable functional from the 

stopped Brownian motion, an additional weight as-2{p^{uj^)A‘\k^\) is needed. 
The problem of expanding such functionals as a series of pairwise orthog¬ 
onal multiple stochastic integrals is solved in the Lemma 12.41 for a class of 
measures x <C /i“ on Obtained results are used in the inductive 

definition (13.451) of multiple stochastic integrals with respect to n—point 
motion of the Arratia flow. 

In Theorem 13.11 it is proved that each / G L‘^{C^, B^, is uniquely 
represented as a series of pairwise orthogonal multiple stochastic integrals 


/ 




{k\...,k^)€lCi^. 


A^i is an operator of multiple stochastic integration with respect to the 
trajectories of x(m, •). It contains \y\ integrals over a region where exactly 
j particles, integrals are taken with respect to the trajectories of these 
particles transformed in the manner of (11.41) . Differentials are transformed 
with the help of mappings ( 12.251) and (12.331) . The squared norm of the 
summand A\i j,nak^,...^k^ equals 






where functions are dehned in (13.411) . 

Multiple stochastic integrals with respect to x. 

Obtained results indicate possible way to define multiple stochastic inte¬ 
grals with respect to the whole Arratia flow. Recall that cr^ is the moment 
when all particles {x(u, ■),u G [0,1]} have coalesced into exactly n par¬ 
ticles. Denote Pi < ... < p^ the positions of n remaining particles at 
the moment cr^. The strong Markov property of x imply that L^(D, J-^^ P) 
is naturally isometric to L‘^{C'^ xQ,B^ x iyP''^^"\duj'^)F{duJn)), where 
uM refers to n trajectories left after the moment cr^ and ujn refers to the 
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flow X before the moment cr^. From the Theorem 13.11 it follows that each 
a G L^(Q, has a series expansion 


(fcl 


(1.15) 


Denote /C^ = nn>i Due to the orthogonality of summands in (11.151) . for 

each k G /Cn, k = {ki,k 2 , ■ ■ •), elements ^n)) converge to 

some element Pta in ^ P). {Pka)keic^ is a continuum family of pair¬ 

wise orthogonal elements, which may be considered as multiple stochastic 
integrals of some kernels with respect to x. If such point of view is possible, 
obtained multiple stochastic integrals would be natural candidates to form 
an analogue of the Ito-Wiener expansion of L^(D, J^^,P). As for now, the 
description of Pka and construction of the expansion of L^(Q, J^^,P) are 
open problems. We leave them for further investigations. 


2 Stopped Brownian Motion 

Let G C be an open connected set and fl: : G —>■ M” be an inhnitely dif¬ 
ferentiable vector held on G. Given cj G C^, consider the following integral 
equation 

^{t) = uj{t) + [ l^(^(s))ds, t > 0. (2.16) 

Jo 

Of course, the solution to (12.161) may not exist for all t > 0. The precise 
dehnition of the solution and its properties are given below. Though the 
result seems known we add the proof because our situation differs from 
the usual one - we seek for a solution that is an adapted functional on the 
space 3^) without referring to any probability measure. 

Consider the set 

"D = {(T, cj) G M+ X C” : there exists continuous function ^ : [0, T] —> G, 

such that for all t G [0,r] (12.161) holds}. 

Lemma 2.1. 1) Each section is the interval of the form [0, t{uj)) = 
0, if t{uj) = 0 and T>i^ = IR+, if t{uj) = oo). In particular, V = {(T, cj) G 
R+ X : t{u) > T}. 
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2) For each uj E there exists unique continuous function : 

[0, r(a;)) —)■ G, such that for all t G [0, T(a;)) (12.161) holds. 

3) V eV, i.e. V is a progressively measurable subset o/R+ x C^. 

4) T : ^ [0^ oo] is a stopping time. 

5) f : V ^ G is a progressively measurable process. 

6) Relatively to Wiener measures u E G, f is a strong Markov 

process fIR Ch. Ill, §5/, i.e. for any stopping time a < r, t > 0 and 

a Borel set A E G, 


Act) eA, t + a < r|^”) = la<rP'’{f{t) E A, t < 

Proof. 1) and 2). Assume that T E V^. Evidently, [0,r] C There 
exists continuous function f : [0, T] —> G, such that for all t E [0, T] (12.161) 
holds. We will show that for 6 small enough, f can be uniquely extended 
to continuous function on [0, TE-S] that satishes (12.161) for all t E [0,TE-S]. 
To this end it is enough to prove that there exists continuous function 
: [0, (5] —> G that satisfies 

fi{t) = uji{t) + [ ^fi{s))ds, t E [0, 6], 

Jo 

with a^i(-) = f,{T) + uj{- + T) — uj{T). The difference f 2 {t) = ^i(^) “ ^i{t) 
must then be a solution to the Cauchy problem 


df2{t) = + uji{t))dt, 

6 ( 0 ) = 0 . 


(2.17) 


Denote B{6) a closed ball in with centre 0 and radius <5. For small 
enough 6, a compact set K = {x F (jJi{t) : t E [0,6],x E is a subset 

of G. Hence, G = sup^ |V1^| < oo, and for all {t,xi), {t,X 2 ) E [0,^] x B{6) 
one has 

\'i^{xi + UJi{t)) - + UJlit))\ < G\xi - X 2 \. 

The existence and uniqueness of a solution to (12.171) now follows from |[I7, 
Ch. 1, Th. 2.3]. 

3) Given A > 0 let us show that D ([0, A] x C^) E B{[0, S]) x Bg. This 
is exactly what the progressive measurability means. Denote G^ = {x E 
G : dist(a;,5G) > 3}. For all T > 0 and 3 > 0 the space C’^([0,r]; G^) of 
all continuous functions / : [0,r] —> G^ is a closed subset of C”([0,r]). 
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In particular, it is a Polish space. The mapping T’To ; C^([0, T]; ^ 

C"{[0,T]), 

F^’‘(fm = f{t)- f m(s))d3, te [o,T], 

Jo 

is injective (see part 1) of the proof). By the Souslin Theorem j23l Th. 
6.8.6], the image T]; G^)) is a Borel set in C"([0, T]). Let As be 

some dense countable set in [0, G], such that S G As- Then 

Pn ([0,5] X = y y [0,r] X F^’\C^{[0,T];G^)) G ^([0,5]) X 

6>0TeAs 

It is enough to take union only in T G As, as every solution to (12.161) can 
be continued from a closed interval to an interval with the right end in As 
(see part 1) of the proof). 

4) Follows from 3): 

{uj : t{uj) > t] = Vt E 

5) By continuity of ^ and |I3l Ch. 1, Prop. (4.8)], it is enough to prove 

that ^(T) is measurable on the set {r > T} = Vt- Recall mappings 
pT.s 3 ^ Qf proof. Then, for every Borel set A C G, 

{u ^Vt : i{T,uj) G A} = 

= y{ca G Vt : i{T,u) G A and ^([0,r],a;) C G'^} = 

(5>0 

= y{a. e Vt : a.|[o,T] e FF\{f e C"([0,T];G«) : f{T) e A})}. 

5>0 

By the Souslin Theorem, the latter set belongs to B^. 

6) Introduce shift operators 9r^v^ = n + uj{- + r) — uj{r). If t{uj) > s, 

then t{uj) > t + s if and only if t^)) > t, and in this case 

^(s+ •,w) = <^(-,^s,eGu;)^) on [0,t]. 

Hence, by the strong Markov property of the Wiener process |I31 Ch. 3, 
Cor. (3.6)], 

F^(^(^ + cr) G A, r > t + ajB^) = 

= lr>aF''(^(C^a,e(a)W^) G A, r(0^,^(^)W;) > t/B"^) = 

= lr>a/i''(^(^) G A,r > t)|^=^(a)- 

□ 
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r will be referred to as the lifetime of the solution to (I2.16I) . The main 
result of this section is an analogue of the Ito-Wiener expansion of the 
space /i“). 

Introduce the function 


(n(t, u) = > t), u ^ t E 


(2.18) 


In the section 3 we will write Q(h,g instead of a to indicate its dependence 
on the domain G and the vector held Note, that a{t, n) = 1 for t < 0. 

Lemma 2.2. 1) a satisfies the equation 

dot 1 

— (T u) = -AyQ((t, u) + (f^(n), V„Q((t, m)), t > 0, ueG. (2.19) 

In particular, a is infinitely differentiable in IR+ x G. 

2) The Clark representation formula Wk Ch.5, Th.(3.5)] for lr>t is 


'“Mr 


lr>t = Oi{t,u) T / VuOt{t — s,f{s))dw{s), pG — a.s. 

Jo 

3) W"[lr>t/Bf\ = -tAs,f{tA s)), pG - a.s. 


( 2 . 20 ) 


Proof. 1) Consider an open ball B ^ G and a starting point u E B. 
Let tb be the moment when the process f leaves B. Denote gsit, u, v) the 
distribution density of the pair (rs,^(rs)) with respect to dtxa{dv), where 
a is the surface measure on B. Such density exists since for alH > 0 the 
distribution of ^(- A tb A t) is equivalent to the distribution of the stopped 
Brownian motion w{- Arfi At), rfi is the moment when w leaves B piUl Th. 
7. 10], while the distribution density of {rfi, w{Tfi)) is known explicitly 
From the strong Markov property of f following representation follows 


a{t, u) = 


a{s,v)gB{t — s,u,v)a{dv)ds, t>0,uEB. (2.21) 


'dB 


If one knows that 5 ' b (-, v) satishes (12.191) in IR 4 . x B, then the representation 
(12.211) implies that a solves (12.191) as a distribution on 1R+ x B. Next, 
according to the hypoellipticity of the operator + Vu) — ^ jisi 

Th. 3.4.1], OL is inhnitely differentiable on x B and (12.191) holds in the 
usual sense. 
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Let us check ( 12.191) for qb- Denote PB{t, x, y) the transition density of the 
process ^ killed at the moment tb |ISl §5.2]. Due to the Markov property 
of 

nOQ n 

/ / gB{s,u,v)(7{dv)ds = iJ^{tb> t,i{TB) ^ A) = 


't J A 

= / PB{t,u,y) 


'^OO 


gB{s,y,v)a{dv)dsdy. 


Jb Jo Ja 

Which implies the representation 

f dpB 

gB{t,u,v) = - J -^{t,u,y) J gB{s,y,v)dsdy. 


PB{-,y) satisfies ( 12.191) fTEi Th. 5.2.8]. Hence, another application of the 
hypoellipticity of + (l^(u), Vu) - proves (| 2.19 D for gB- 

2 ) At first we consider the case when G is bounded with an infinitely 
smooth boundary and 1): is a restriction to G of an infinitely differentiable 
compactly supported vector held on M”. In this case there exist global 
solution ^ of (12.161) . We will understand r as the moment when ^ leaves 
G. In this case a{t,u) = J^pG{t,u,y)dy^ where pc is a transition density 
of the process ^ killed at the moment r §5.2]. pc is a Green function 
of the parabolic boundary value problem 


%{t, u) = |Au/(L u) + Vuf(t, u)), u e G,t > 0, 
f{t, w) = 0, u G dG, t > 0. 


The explicit construction of the Green function pc [211 §VI.2.1] leads to 

—0, u — uq G dG. 


sup ( a{t^ u) + 
t>e V 


da . . 


Recall that G^ is the set of points of G whose distance to dG exceeds 5. 
Denote ts = inf{t > 0 : ^{t) ^ G^}. From the Ito’s formula applied to the 
function a{t — s, ^{s A rs)), 0<s<t — e it follows that p^—a.s. 


r{t-e)ATs 

— e) A Ts)) = a{t,u) + / Vu<A{t — s,^{s))dw{s) 

( 2 - 22 ) 

^Ts<t—e 

'ts 


^ da , , .. 

J - s,^{Ts))ds. 
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Consider the case t > t. Then for small enough e and 6 one has ts > t — e 
and the left-hand side of ( 12 . 221 ) transforms into — e)). — e) —^ 

^{t) e G, so, by continuity of 

- e)) = 1, e ^ 0. 

Hence, multiplying (12.221) by lr>t and taking limits ^ > 0 implies the 

relation 

lT>t = U>ta{t,u) ^ lr>t f Vua{t - s,^{s))dw{s). (2.23) 

Jo 

Consider the case r < t — e. Then for all 6, ts < t — £ and the left-hand 
side of (12.221) is a{£,^{Ts)). ^{ts) —> ^(r) G dG and, from the boundary 
conditions, one has 


a{£,^{Ts)) a{£,^{r)) = 0 , 3^0. 

Hence, multiplying ( 12 . 221 ) by lr<t-£ and taking the limit 3 —> 0 one gets 

0 = lT<t-£a{t,u) + lr<t-£ [ Vua{t - s,^{s))dw{s). (2.24) 

Jo 

Finally, (12.231) and (12.241) imply the relation (12.201) . 

According to [221 Ch. 5, Th. 4.20], G can be written as an increasing 
union of bounded domains Gn G G with inhnitely differentiable bound¬ 
aries. Denote = inf{t > 0 : ^{t) ^ Gn}, an{t,u) = yd'{Tn > t). As 
'Tn T, it follows that functions converge pointwise to a. From the 
representation ( 12 . 211 ) it follows that all derivatives of an also converge to 
respective derivatives of a. Hence, (12.201) holds for any G and 1^. 

The property 3) is an immediate consequence of the Markov property 

ofe 

□ 

Denote the probability on (C’^, B^) dehned via the density 

d'K^'’^ / N-1-, 

—— = ait, u) lT>t- 

In what follows we introduce a family of transformations of that send 
into /i^. Recall the equality T> = {(t,c<;) : t{w) > t] (Lemma 12 . 11 ) . 
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Define mappings 


r-At 

= lrH>i(^(-) - / Vuloga{t - s,^{s,uj))ds), 
Jo 

= (i, 0(t,cj)) 


(2.25) 


and the set TZ = ^{V). Next Lemma states measurability properties of 
d> with respect to the Borel a— field x C^) and the a— field V of 

progressively measurable sets on IR+ x jT3l Ch. I, §4]. 

Lemma 2.3. 1) ^ : R+ x C”' — >■ R+ x is both x C'^)/B{M.+ x C^) — 

and V/V—measurable; 

2) T>,JZ G V and ^ is a bimeasurable bijection of T) onto IZ when both 

sets are simultaneously equipped either with the Borel or with the progres¬ 
sively measurable a—fields. In particular, there exists x C'^)/B{M.^ x 

C^)— and V/V—measurable mapping"^ : R+x —)• R+ X C” that coincides 
with on IZ; 

3) For each t > 0 


Proof. 1) To prove P/P—measurability of 4> it is enough to check that 
the restriction of onto [0, T] x is B{[0,T]) x P^/P—measurable. As 
4>([0,r] X C^) c [0, r] X the needed measurability is equivalent to 
B{[0,T]) X Blf/B{[0,T]) X measurability, which immediately follows 
from the definition. 

2) The inclusion P G P was proved in the Lemma ITTl Let us check that 
4> is injective on V. Assume that ^{t,uj) = 4>(T,a;'), t{uj) > t, t{uj') > t'. 
Then t = t', (p{t,Lu) = (p{t,u'). The last equality means that for all r > 0 


nrAt rrAt 

oj{r)— V log a{t —s,f{s,uj))ds = uj'{r)— V loga{t — s,f{s,uj'))ds. 

Jo Jo 

(2.26) 

In particular, a;(0) = cj'(O) and ^(0,cj) = After the moment t the 

difference between uj and uj' is constant. Consider differences uj{r) — uj'{r) 
and f{r, Lo)—f{r, cj'), r G [0,f\. They are differentiable on [0, t), as it follows 
from (12.261) and (12.161) . and 


d{uj — uj') 
dr 


= V log a{t - r,f{r, u)) -\/loga{t - r,f{r, w')), 
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Combining the relations one has 



+Vloga(t — uj)) — V log a{t — r, ^(r, cj')). 


In the view of the inhnite differentiability of a (Lemma 12.21) and for all 
r < t — £ 



By the Gronwall lemma, the difference ^(r, cj) — ^(r, cj') is bounded by a 


multiple of ^(0, cu) — ^(0, w') = 0. Hence, ^{r, cu) = ^(r, cu') and u = a;'. 

It follows that d> : "D —> 7?. is a bijection. The Souslin Theorem [231 Th. 


6 .8.6] implies that the image under d> of every Borel subset of "D is a Borel 


subset of 71. It remains to check that for every progressively measurable 
set H C "D its image d>(H) is progressively measurable. Given T > 0 
denote the restriction of d> onto [0, T] x C^. The cr—held H([0, T]) x 
is naturally isomorphic to the Borel u—hied H([0, T] x T])). Another 
application of the Souslin theorem gives the inclusion d>(A) = 

d)^(An([0,r] X C^)) G H([0,r]) X 

3) The Clark representation for the density p = = a{t,u)~^lr>t 

was derived in the Lemma [221 2): 





Its conditional expectation with respect to the is given by the Lemma 


12213): 


u) ^ct{t — t A s, A s)), — a.s. 


According to the Girsanov theorem [131 Ch.8, Th.(1.4)], the process 



is the Wiener process with respect to 7r“’b In other words, tt^’^ o ip{t, ■) ^ 


□ 
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The Lemma 12.31 makes it possible to define stochastic integrals J, 


u,H,G 


a 


for all k ^ JCn and a G a{td, u)dt), d = \k\, as follows 

= 21‘(l.<.(ft O ■!-)(•))( = J\h o m)dwtAt) 

where 


(2.27) 


(i(t) (ti,..., td—i) 


n(tx,..., t), td—i ^ L 

0,fd-i > t. 


Composition {ho^)(t,Lo) equals Comparing this ex¬ 

pression to (11.81) . one sees that the differentials in the inner d — 1 integral 
are transformed according to (p. Progressive measurability of the integrand 
in (12.271) follows from the Lemma 12.31 and the existence of a progressively 
measurable modihcation of ^ ^ 0} IH]- Following calcula- 

tion shows that ’ is well-dehned. 


'‘00 


'‘OO 




/ lr>t{ho^){tYdt= / a{t,u)W^^o{ho^){tYdt= (2.28) 
do do 


'‘OO 


a{t,u)W''h{tYdt = / a{td,u)a{tYdt. 


'Si 


,H,G 


In the next Theorem we prove that operators ’ ’ constitute the Ito- 
Wiener expansion of the space LP‘{C^, BY /i“). 

Theorem 2.1. 1) Spaces J'Y^'^{L‘^{S^+\oi{t\k\,u)dt)) corresponding to dif¬ 
ferent k G JCn are pairwise orthogonal; 

2) is an isometry of ,a{t\k\,u)dt) into L‘^{C^,BY 

Proof Properties 1) and 2) immediately follow from the calculation ( 12.281) . 

Consider / G LS{C'^,Bf, p2) with E^/ = 0. According to the Clark 
representation theorem jlSl Ch.5, Th.(3.5)] and ( ll.bll 

n pj- 

f = J2 Qjfii)dwj{t), p^-a.s., 

j=l ^0 


18 














and 


^ poo 

EM“/2 = V / EI‘'‘lr>tQ]f{tfdt. 

Consider the progressively measurable process {{Qjf) o Next iden¬ 

tities follow from the Lemma 12.31 

POO POO 

Jo Jo 

E>‘'‘lr>tQ]f{tfdt < oo. 

Hence, (Qjf) o can be viewed as a measurable mapping of R+ into 
LJiC^^ ^ . The Ito-Wiener expansion then produces kernels hk^j{t) G 

k ^ KLn such that for a.a. t > 0 

((S“/) o m) = E 4“(6^.;(i)) in (2.29) 

k&Kn 

In fact (II .101) . 



h.i(i) = Qimv)om))- (2-30) 

From the Lemma 14.11 it follows that bkj can be chosen as measurable 
functions (H,... ,i|fc|,t) ^ bkj{t){ti ,... ,t|fc|). Put 

• • • 5 t\k\: bk,j{j){jl: • • • 5 ^|fc|)- 

Then 

^ _ poo p 

= 7 y^|,| bk^j{t){sfdsdt = (2.31) 


j=l A:e/C„ 

2/ cl^l 




In particular, ak G Q((t|fc|, u)(it) and integrals are well- 

dehned. Also (12.311) shows that the series converges in 

fi^). It remains to show that 


'^kf'^^k,j = j Q^f{t)dwj{t). 

k€lCn 


(2.32) 
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Denote hkj{co,t) = I'^{bkj{t)){iu). From (12.291) it follows that Qjf ^ ^ = 
X]/ceiC„ F^(IR+ X C'^^V,a{t,u)dt x fi'^{duj)). Finally, for each g G 

L^(R+ X g^{duj)) one has 


/ Q]f{t)dwj{t) / g{t)dwj{t) = / lr>tQ'^f{t)g{t)dt = 

Jo Jo Jo 


E^“a(t, u) (QJ/ o (t) o {t)dt = 


POO 

keJCn 

POO _ PT 

^ ^ / g{t)dwj{t) 

L^tr 0 'JO 


keic, 

and (12.321) is verihed. 


□ 


Consider the case = 0. Then the lifetime r of the solution to (12.161) 
is the moment when the Brownian motion w has left G, and the process 
^ in (12.161) coincides with w up to the moment r. To separate this partic¬ 
ular case, we will denote r by tg and abbreviate to ■ Next we 

generalize Theorem 12.11 to some measures on that are absolutely 

continuous with respect to 

Assume that k on with p = ^- Let the Clark representation 

|[I3l Ch.5, Th.(3.5)] of p be 

PTC 

p = 1 + / h{s)dw{s), g^ — a.s., 

Jo 

for some progressively measurable valued process h. Denote 

rtATG 

p(t) = 1 + / h{s)dw{s). 

Jo 

According to the Girsanov theorem [131 Ch.8, Th.(1.4)] the process 

rtAraiuj) N 

g{t,uj)=uj{tATG{uj))- J^)^ds (2.33) 

Jo p{S:Uj) 

on the probability space (C”', B!^^, x) is a continuous square integrable mar¬ 
tingale with ^(0) = u and 

< Gi, Gj > (t) = A Tg- (2.34) 
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Lemma 2.4. Assume that in (12.331) = ^^(ct;(s)) for some infinitely 

differentiable vector field : G —)■ M”. Denote o the lifetime of the solution 
to (12.161) corresponding to Then Q is the measurable isomorphism of the 
space onto the space /i“). In particular, the correspon¬ 
dence f ^ f o Q is an isometry of the space pD) onto the space 

x), and operators 

ak {Jk’^’^cLk) oQ, k e JCn, Ok e a^^G{t\k\, u)dt) 


possess following properties 

1) spaces {L‘^a^^G{t\k\j u)dt)) o Q corresponding to different k G 

Kin are pairwise orthogonal; 


2) Ok —)■ o Q is an isometry of the space a'ii^^G{t\k\^u)dt) 

into the space LP‘{C'^,B^ , x); 


\k\ 


3) mc", k) = a«,G(f|t|. u)dt)) o g). 

Proof. Denote f the solution to (12.161) defined up to a. The assumption of 
the Lemma imply that 


,|fc| 


ij{t) = Q{t,Lu) p j R(cj(s))ds, t<TG(cv). 

Jo 

Hence, ijj(t) = f(t, Q(-,ijj)), t < tg{wj) and tg{uj) = a{Q{-,Lu)). From (12.341) 
it follows that the distribution of Q under the measure x coincides with 
the distribution of the Brownian motion stopped at the moment a. That 
is, 

= onB^. 

Q is an isomorphism, as it is x—a.s. invertible. Actually, its inverse is f. 

□ 


3 n—point Motion of the Arratia Flow 

The main result of this section is an analogue of the Ito-Wiener expansion 
for the space L‘^ {C^, B^, u'^), where u G <S”', n > 1, is the distribu¬ 
tion of the n—point motion Xu of the Arratia flow. Denote the first 
moment when two of the components of have met each other (and coa¬ 
lesced) and p^~^ G is the vector of positions of the remaining particles 
{Pi~^ < ... < pIz\ and {x(mi, r^n), ..., r^n)} = {pl~^ ,..., plz\}) ■ 
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The space u'^) is identified with the space with mixture of mea¬ 
sures {C^~^ X X (see the Introduc¬ 

tion). Accordingly, the function / G L‘^ {C^, B^, y^) will be considered as 


a function of cj”), where refers to the n — 1 trajectory left af¬ 

ter the first coalescence and refers to the trajectories before the first 
coalescence. Using this representation, the Ito-Wiener expansion will be 
constructed inductively. 

When n = 1, = /i“ and the Ito-Wiener expansion of L‘^{C^, B^, y'^) 

is determined by the operators {I'ji)ke)Ci of multiple stochastic integration 
with respect to the Brownian motion (ll.8l) . So we set 


At = Ik, ke /Cl 


(3.35) 


Then 


Al : L\S^+[dt) L\C\B\y^) 

is the isometry, A^a T Afb for k ^ I, and 

L\C\B\y) = fSkeK,Al{y(S'^',dt)). 

To illuminate the key moments of the inductive construction let us con¬ 
sider some partial cases. We won’t justify statements concerning measur¬ 
ability as they will be proved in the general case. When n = 2, rt G <S^, 
the only trajectory remained after the coalescence is the Brownian motion 
that is independent on the trajectories before the coalescence. Hence, it 
is natural to construct the Ito-Wiener expansion combining the usual Ito- 
Wiener expansion for the Brownian motion (via operators in (11.71) ) with 
the one for the two-dimensional Brownian motion stopped when its tra- 
jectories meet each other (via operators in (12.271) ). Define operators 
A^i ^2 as follows: 




52 


(3.36) 
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Then the squared norm of A\i 1 ^ 20 , equals 

i\2^y{uj^)f7 u 



C2 JCi 



I 


C2 JCl 


fci 


(J,r a{t\ •)K))(c^') V = 



'C2 I 


JC2 




a(t\ ■){u?)‘^dt ^= 
a(t\ ■){(jj^YiA{d(j?)dA = 
a(t^, 

2/ 

id pi 


( 3 . 37 ) 


It follows that A\i 1^2 is an isometry of ’ \as‘^{t^^i^ 2 \,u)dt^dA) into 

the space L‘^, v^). Also, from ( 13 . 371 ) and properties of operators II 
and it follows that ranges A\i p(L^(<S^ \as^{t^j^ 2 \,u)dBdA)) cor¬ 

responding to different indices (/c^, k‘^) are orthogonal. Hence, operators 
A^i ^2 may be viewed as analogues of operators of multiple stochastic inte¬ 
gration. They indeed produce the Ito-Wiener expansion for the two-point 
motion of the Arratia flow in the sense that 


L‘^{C‘^,B‘^,u^) = ®(k\k^)&K.,a^l\AL\S^^ \as2A\j.2\,u)dt^dA)) 




^2 7,n 


see Theorem 13.11 for the proof). 

Consider u G <S^. To construct the Ito-Wiener expansion for the 3 -point 
motion Xu we will use the same isomorphism as above 

(C^H^^/“) ~ {A X X Bl^^,A^^"\dA)ii^{dA))- 


Using operators A\i j ^2 ( 13 . 361 ) . each functional / G AiCA^B^^A can be 
written in the form 


(A:1,P)g/Ci,2 


( 3 . 38 ) 


According to ( 13 . 371 ) the squared norm of the summand Alj^i j. 2 Cik^,k‘^ equals 



<^fci,fc 2 (^^A^? cdA^s‘^i'^'\k^\:P^iA))dAdi^fA{dA), ( 3 . 39 ) 


2/", .3\\ jj.1 jj.2 , ,ui 


Ic3 
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what means that ■) G where for t 2 = 

the measure is defined via the density 


d/i^ 



Ph{u) 


(3t^{u) = E^“a53(t2,/). 


Hence, to expand further •) as a series of integrals, Lemma [231 

have to be used. Put pt 2 {u) = as^{t 2 jU). It will be proved in the Lemma 
13.1! that the Clark representation formula for pt^ (p^) is 


^S3 


Pt 2 {p )=Mu)+ / V^t 2 (w(r))du;(r), /i“ - a.s. 


JO 

Also, W'"[pt^{p^)/Bf\ = [5t^{w{r A r^a)). Consequently, the vector held in 
the Lemma 1231 equals 


%^{u) = V logI3t^{u). 

From the Lemma I2.4I it follows that operators 


ak ^ at) o Q‘\ k e Ks, 

constitute the Ito-Wiener expansion of the space where 

r-Ar^siu}^) 

= cc;^(- A Ts^{u^)) - / ^t2{^%r))dr. 

Jo 

Accordingly, functions a^i fc 2 (C,C, •) can be expanded further: 

U,Hj2 ,G 

•) = X] ^(3-40) 

k^eJCs 

Equations (13.38!) .( ^3(11) suggest that for the case n = 3, u G operators 
Ah 1 , 21,3 have to be dehned as 

rt 5 fC 5 fC 


Au ,2 3n _ 


U,H,2 ,G 

|fe2| 


Uu^). 


In our main result (Theorem 13. ll) we prove that these operators indeed lead 
to the Ito-Wiener expansion for the 3-point motion Xu- Let us calculate the 
squared norm of A^i ^2 

f f Ali k2^k^a{u‘^,u^fvP^^^"\duj‘^)p^{duj^) = 

Jc^ Jc^ 
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C3 JC^ 




2 ,G 



^3 ^^|fc3|,|fc2| 




m,H^2 ,G 


= if.,.. %, (“) i = 

= if i,..,.», ,(“)««, n)dt^dfdt\ 

In the last equality Lemma [231 was used. Comparing this formula to (13.39!) 
note that the density as‘ 2 {t^^ 2 \^u) have changed to ^ (w)q ;^^2 ,53(t^;,3|, w)- 

Relying on this observation we introduce functions Pt 2 ,.:,tn{'^)^ that will ap¬ 
pear as densities in the general case. Simultaneously, functions 
'^t 2 ,.:,tn-i{'^) dehned. 

pt^{u) = as 2 {u,t 2 ), u G S^] 

Pt2,...,t„-^iu) = ^t2,...,tn-,iu) = Vlog/3t2,...,i„_i(w), 

Pt2,...,tM = ,,s4tn.u)Pt2,...,t^-i{u), U G <S^, 

(3.41) 

where ^ 2 , • • • > 0 and cth^g is dehned in (12.181) . Given u ^ and 

positive ^ 2 , • • • Cn-i, consider the measure qj^ dehned 

via the density 

^^^^2V■ —1 frtnJ^ \(/ ,Tl'] 


= 


Pt2....U-liP'" (^”)) 


dp^ ' Pt2,...,tn-iiu) 

As it is seen from the case n = 3, the orthogonal structure of the space 
L^(C”, is needed. 

Lemma 3.1. 1) The Clark representation formula for pt 2 ,...,tn-i{P^~^) 


"Tsn 


Pt 2 ,...u-iip'" ) = Pt 2 ,...u-iiu) + / V(3t„...,t^_,{w{r))dw{r), p^ - a.s. 

Jo 

2) E^“[pt2,...f„_i(p^"^)/^”] = Pt2,...,tn-li'^ir A rsn)), /i^ - 0.5. 

3) The mapping 

r-Argn (w") 

.'"-(V) = «"(■ A Tsn(io"}) - / N,„^.^,,„_fa;"(r))dr 

Jo 
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is the measurable isomorphism of the space (C”, 
space In particular, operators 


a {Jj. 




possess following properties 


a) o k e}Cn,ae L‘^{sf\ u)df) 

(3.42) 


7 / 

3.1) each operator a —> (JT), ’ a) o 

space 


n —1 


is an isometry of the 
,s^{t\k\^u)dt) into the space L^(C”, 

3.2) spaces 5"(^|fc|,o corres¬ 

ponding to different k E JC^ are pairwise orthogonal; 

3.3) = 


. '•‘-'■‘'’'(L^s't', 


ry'Kf 


(+... ni\rl+\\ r\ r’d'iT--lr 


Proof. During the proof we omit indices ^ 2 , • • •, ^n-i and put G = S^. The 
function P{u) = is harmonic in G [EH Th.11.1.17]. Denote 

G^ the set of points of G whose distance to dG exceeds 3. From the Ito’s 
formula applied to the function (3{w{t A Tqs)) it follows that p’^—a.s. 

rtATf^S 

P{w{t A Tqs)) = fl{u) + / V(I{w[r))dw{r). 

Jo 

Letting t —)■ oo and 4 —)> 0, part 1) follows. 

Part 2) follows from the Markov property of the Wiener process: 

E^'^[p{p^~^)/Bf] = lra<rP{p''~^) + lrG>r^^\p{p''~^))\v=w{r) = P{w{r A Tq)) . 


Finally, part 3) is an immediate application of the Lemma [2.41 and for¬ 
mulas from hrst two parts. 

□ 


Corollary 3.1. There exist operators 


7^ 




) L\S^+\an^^_^^_^^s4t\k\,u)dt), 


Tsn 


(3.43) 


such that each g G L?‘{C^series representation 

g=Yi .o 


kelCr, 
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In fact, ^ composition of the orthogonal projection of the space 


onto 

gt 2 ,...,tn-i yjj^-j-g inverse 


Now we are in a position to describe the inductive construction. 
Induction base. For every w G M and k E Fi set 

AU _ TU 

'^k — ■‘■kl 

where If are operators of multiple stochastic integration with respect to the 
Brownian motion w on (1 1.81b 

Induction hypothesis. For every v G and {k^,..., k'^~^) G 
an operator 


A\l j^n-l '. \pp ^n -1 {v)dA...dF' 

-2{nn—l K?n—1 ^ ,v\ 


is defined in such a way that 
(HI) Afi ^n-i is the isometry; 

(H2) spaces ., p ^2 ^ fi -1 ^ {v)dA ... dF)), that cor- 

respond to different indices {k^,... ,k'^~^) G /Ci,...,n-i, o-'i^e pairwise orthog¬ 
onal; 

(H3) L\C^-\B^-\iy^) = 


= .. ,.-._^p)de...de-% 


respectively, projections 

■2//-7n—1 t 2 n—l , ,v\ V t‘2.( ^ 


TDV 

1 


.-1 : L\C^-fB^-\iy^) -E L^{S\ 


, p .2 .n -1 (v)dA ... dF) 


are defined in such a way that for each g G if , B'^~^, F) an equality 
holds 

9 = ^ f^k\...,k'^-^Pk\...,k'^-F', 

(H4) for any [k^, ..., /c” G and hounded Borel function with 

compact support a : ^ —>■ M, a family j^n-ia}ves^-^ can be re¬ 

alized as a measurable function on x w.r.t. the family 
(Definition \1.1\) : 
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(H5) for any (/c V • • ? ^ cind hounded Borel function g : 

—>■ M, a family {Pfi j^n-ig}ves^-^ can be realized as a measurable 

function on ^ x with respect to the family of measures 

{p.2 +n-l (v)dt^ . . . dP~^}^,(zSn-l 

(Definition li.il) . 

Induction step. Consider (/c^,..., IC) G For every 


a G L2(5 




, pf2 fu (u)dt^... dC) 

’ v,E|fen| ^ ^ ^ 


denote Ta the result of application an operator (13.421) to the last \IC\ co¬ 
ordinates, that is Ta{t ^,... = 




UP~2 ,n-l :S” 


/C V V ’ ’ W/V ^ 

define operators ^„a for u G by the rule 

At. . 


(3.44) 


(3.45) 


In the Theorem 13.11 we will show that operators (13.451) also satisfy con¬ 
ditions (H1)-(H5). It gives possibility to dehne operators A^i j^n with 
properties (H1)-(H5) for all n > 1, m G <S”, {k^,... ,k^) G From 

the induction base and the induction step it is seen that are op¬ 

erators of the multiple stochastic integration with respect to hnite-point 
motion of the Arratia flow. Thus, properties (H1)-(H3) state that these 
operators constitute an analogue of the Ito-Wiener expansion. Technical 
properties (H4)-(H5) are called to justify measurability issues. Indeed, 
due to the complicated expression in (13.451) . its measurability in co'^) 

is not obvious. To prove it we will need measurability properties of opera¬ 


tors in (01),(ra),(0),([IinD, (E31, (IS32D, (IS3SD. 


The key instrument in deducing the existence of measurable realizations 
will be the Lemma [4.21 It states that under rather general assumptions on 
spaces {y,By,v^), and operators 


A-: L\X,Bx,tr) ^ U-iyXy.iA), 






























the existence of measurable realizations for “test” families of the kind 
{A^fo} automatically implies the existence of measurable realizations for 
all families such that for each lj A^f{-,Lo) is well-defined. 

Accordingly, properties (H4)-(H5) are immediately strengthened. For 
example, given measurable a : ^ x Q —>■ M, ^ —>■ such 

that 

Vcj e n a{-,uj) G ^ 

\k‘^\ \k -*-] 

a family can be realized as a measurable function 

on C'^~^ X Q w.r.t. the family For the proof note that 

1) there exists a sequence of bounded Borel functions with compact 

support (/„) on which is total in relatively to any Radon 

measure; 

2) there exists a sequence of bounded Borel functions (gn) on C^~^, 
which is total in relatively to any probability measure; 

3) in the view of (H4) each family ^n-i/njweo can be realized as 

a measurable function on x Q w.r.t. the family 

Consequently, the Lemma [12] gives the needed result. 

In the case n = 1, operators A^ coincide with the operators and evi¬ 
dently satisfy (H1)-(H3). In the next Lemma we state some measurabil¬ 
ity properties of operators (ll . 5l) . (ITTFl) . (Il.7!) . (Il . lOl) . Additionally, properties 
(H4)-(H5) for operators A^ are proved. 

Lemma 3.2. Let k,ki, ■ ■ ■ ,kd ^ {!,..., n}. 

1) Given a measurable funetion a : x > M, sueh that 

Mu G a{-,u) G L^{Sl), 

a family ean be realized as a measurable funetion on 

Qn the family 

2) Given a measurable function g : x ML ^ sueh that 

MueR^ g{-,u) e 

a family ( 5 r(-, can be realized as a measurable function on 

X R^ w.r.t. the Lebesgue measure on S^. 

3) Given aVx B{R^) —measurable a : R+ x xR^ ^R such that 

Mu G R^ a{-,u) G L\R+ x C^.V^dt x 
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a family {2’^(a(-, can be realized as a measurable function on the 

space C” X R”" w.r.t. the family 

4) Given a measurable g : xW^ ^ M. such that 

VugR” g{-,u) e 

a family u))}ueR^ can be realized as a V x B{W^) — measurable func¬ 
tion on R+ X C” X R” w. r. t. the family {dt x of measures on R+ x C^. 

Proof. Consider translations 9u{lo) = u P lo, so that o 0~^. If a : 

—>■ R is a bounded Borel function with compact support, then k ^ ~ 
dL g'^—a.s. Hence, — u) is the needed measurable 

realization of the family With the help of the Lemmathe 

obtaines result is immediately generalized to any function a : x R^ —>■ R, 

satisfying conditions of 1). Due to the Lemma lOl it is enough to prove 2) 
for a bounded Borel function : C” —)• R. Consider correspondence u —>■ 
g{- + u) as a measurable mapping of R*^ into Lf iC^, B^, g^). Respectively, 
u —> /crf(5'('+^)) is ^ measurable mapping of R” into Using the 

Lemma 14.11 it can be realized as a measurable function hk^,...^kd • <S^xR^^ 
R. Then 

9{- + u)= ^ u)). 

(/li ,.. 

It follows that in B^, g^) 

9= W))) o ^-u = 

{k\ 


(All ^•■••jkd^^K^n 

i-e. hk^^...^kd is a measurable realization of the family 

Proofs of properties 3) and 4) follow the same scheme. □ 

In the next Lemma measurability properties of operators ( 13.421) . (13.431) 
are stated. Its proof reduces to the multiple applications of Lemmata |T2 
and 14.21 

Lemma 3.3. 1) Given a measurable function a : X R!^-2 X ^ R, 

such that 

Vt25 • • • 5 tn—it ^ ®(‘) U) • • • 5 t-n—i') ^ L/ (< 5 _|_ , , 5 "(^|fc|) rt)dt). 
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a family {(J^’ 2 . (^(.^ ^ 2 , • • •, ^n-i, w))) o can be 

realized as a measurable funetion on x ]R”“^ x S"^ w.r.t. the family 

L J ^2 ?• ■ • 1 * 


2) Given a measurable funetion g ■. x 


DTI —2 


X 


sueh that 


Vi 2 ,..., 4 - 1 , u g{-, 4, • • •, 4 - 1 , u) e L^{C^, 


a family 4, • • •, 4-i, realized as a mea¬ 

surable function on ^ x WfT^ x with respect to the family of measures 
U)dt}t2,...,tn-l,u- 


Remark 3.1. Together with the Lemma\Jf^ this result imply that Ta is a 
measurable function. From ( 13.411) it follows that T is the isometry of the 
space L^(<S^ \ Pf 2 ... dG) into the space x 

C”, p^2 ^ fi-i ^ {p^~^{uj^))dF ... dG~^p^{duj^)). 

Theorem 3.1. 

Al, ..... dV) ^ lHC\ B". 

are well-defined operators and all the hypotheses (H1)-(H5) hold for a 
family 

Proof The property (H4) of {Ali i.n-i}ves^-^ and Lemma lOI imply that 
A^i j^nU is a measurable function of ca”). Also, when a is a bounded 

function of compact support, the property (H4) for {A^i j^na}ues^ imme¬ 
diately follows. 

Properties (HI), (H2) follow from the next calculation. 





Cn JC^-1 


4" \dc"-i 


A{^~X--^{ra{■,u^)){u^-^^^^ ]p\duj^) = 


4fi 


Taitf ..., p-f ujAYp,2 ,n-i ip^-PdT ... dp-^dp^ = 


a(A,...,PYpp iu)dA...dP. 
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Next we prove that the Hilbert sum of all the spaces 

coincides with Consider / € v^). As 


E''"f-=[ [ /(w’*-‘,w")V”"<“”>(dw’*-‘)M“(dw’*) < oo, 

Jc^ Jc^-^ 

it follows that / has a version such that /(•, G 

for all cj"'. The inductive assumption imply that has a series rep¬ 

resentation 


f(;oj") = 


E rnn — l (, ,n\ 


(3.46) 


where for each cj”, 

.e L\sf'' .'""■■I, ft, (p"-'K))dt'.. .df-'). 

\k \ \k I 


^7^ — 1 f, ,'n\ 

Note that Property (H5) of the in¬ 
duction hypothesis for fc«-i} and Lemma IT^ imply that it is pos¬ 
sible to choose functions measurable in all arguments. For fixed 


at, .e .v-i), 

as the calculation below shows. 

^ rn /ciO|.....|fc-i| ^ 


Pg = 


E 


/ 13.2 .n-1 (u) 

/.n—1 , .n\2,4fi.2iv,Ctn-ip^/j, .n\ 7,1 


...di 


n—1 
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From the Lemma [3.11 it follows that each can be represented as a 

sum 




= E w 


^n-l ,5" 




(?.,.(3.47) 


fc"e/C„ 


Here, 


i 2 ^n -1 

7j. 1 J.n—1 \ _ -TP |fe2|>--'’ |fcn-l|’ / /,! ,n—1 

H , • . . , t , • j [t ^ ... , • J J 

is measurable in all arguments by the Lemma [3.3[ In fact, 

„ ^ r 2/ 

as follows from the identity 


Pf2 fu (u)dt...dt^), 
^V2|r--,r|fen| V / 


E""/" = E 


J^\k' 


A 


J.2 fU-l 

|fe2|>-'-’''|fcn-l| 


w)q(h 


,_1 • • • ’ t^fdt^ ...df 


|fc2|’’"’ |fen-l| 

and the definition of functions p (13.411) . Hence, A\i are well- 

defined and the series 





n 




converges. It remains to check that its sum equals /. 

Denote fk\...,k^-^{^^ )• It fol¬ 

lows from (13.471) and the definition of I (13.441) . that 

fc"G/C„ 

i2 j.n — 1 

in L^(C”, ). A straightforward calculation implies that 

A:”G/C„ 
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Hence, the needed conclusion will follow from 




which in turn is a consequence of ( 13.461) . 


A property (H5) for {A\i follows from the identity 

pu r/,1 ,n\ _ -Tp^|fc2|’'"4|fc«-i|’'“ / pp”“qw”) / p/ .n\\\ 


obtained during the proof. 


(3.48) 


□ 


Remark 3.2. Theorems \2.1\ and \3.1\ not only state the existence of ana¬ 
logues of the ltd- Wiener expansion for stopped Brownian motion and for 
n—point motions of the Arratia flow, hut also reduce the calculation of these 
analogues to the calculation of the ltd- Wiener expansion in the Gaussian 
case, as follows from (13.481) . (12.301) . 


4 Two results on measurable realizations 

The first result is a variant of a measurable selection theorem and seems 
to be known. Still, we were not able to hud a correct reference, so we 
provide a proof here. In the first Lemma we consider the space L® of all 
measurable functions on the measure space (A, B, fi) equipped with the 
distance do(6,6) = IE^min(|^i - <^ 2 !, !)• 

Lemma 4.1. Let be a measurable space. For any measurable map¬ 

ping r] : Q ^ with separable range r]{Ll) C a family {r]{uj)}^^Q can 
be realized as a measurable function on W x Ll w.r.t. the measure p. 

Proof. Let {fn)n>i be a dense sequence in r]{Ll). Then for each k > 0 

vW) C U A<‘). 

n>l 

where 2"^) \ Ui<m<n 2"^) and B{f,r) is an open ball 

in {L^,do). 
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Define r]k{x, to) = . Each ijk is a measurable function 

on A:’ X Q. From inequality 

supc/o(^M,r/fc(-,Cc;)) < 2“^. 

it follows that for each to E ft ? 7 fc(-,a;) —>■ r]{uj) a.s., k —>■ oo. Hence, 

f limfc^oo ?7fe(x, cj), the limit exists 
f}{x,uj) = < 

10, otherwise 

is a measurable realization of □ 

The main distinction of the next Lemma from usual measurable selec¬ 
tion theorems is that it describes measurable realizations for families of 
measurable functions with values in different measure spaces. 

Lemma 4.2. Let {X^Bx)-, iy^By\ (D, he measurable spaees, 

be regular families of measures on (T,i?^), (T, ^y), respeetively. 
For eaeh to E Ll let 


: L\X,Bx,ir) ^ L\y,By,i'l 

be a bounded linear operator. Assume that 

1) there exist sequenees of measurable funetions /„ : T —>■ R, : T —^ 
sueh that for every to E Q the sequenee {fn)n>i is total in L‘^{X, Bx, y) 
and the sequenee (/Cn)n>i is total in L‘^{y, By,^^); 

2) for eaeh n > 1 a family {A^fnjcoen can be realized as a measurable 
funetion on y x Ll w.r.t. the family 

Then given a measurable : T x D —>■ R sueh that \/uj E Ll g{-^cj) E 
L‘^{X,Bx,lF), a family w))} ean he realized as a measurable 

funetion on y x Ll w.r.t. the family 

Proof. At first we construct a suitable family of orthonormal bases in 
L^(A’, Bx: y)- We apply the Gram-Schmidt orthonormalization procedure 
to a sequence {fn)n>i^ whose existence is stipulated in the conditions of the 
Lemma, i.e. put 

X -1/2 

fldp^\ 


ei(x, to) = 
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en{x,uj) = 


)=(/ /■ 

\Jx Jx 

n—l p 
k=l 

As a result we obtain functions e„ of the form 


uj\2 


- 1/2 


ek{-,uj)dii‘^) 


{fn{x)- 


>ELi (A Ae/c(-,w)(i/x‘^)2}- 


en{x,u) = y^c^,fc(cu)/fc(x), 


(4.49) 


k=i 


such that for each a; a set {en{-, to), e^ix^ uj)‘^fi^{dx) > 0} is an orthonor¬ 

mal basis in L^(A, Bx, yd^)- 

The same considerations with {kn)n>i imply that there exists a sequence 
of measurable functions jn : y x Q ^ W, such that for each lj a set 
fyJ n{y,ujYv^{dy) > 0} is an orthonormal basis in L‘^{y, By,iy^). 
Consider a measurable : A x Q —> M such that Vw G Q G 

Then in L\y,By,u^), 


A‘^(9(;u)) = Y, 

n=l 


g{-,uj)en{-,uj)dy'^ tu)) 


From (14.491) and the assumption of the Lemma, each family of functions 
• 5 |^))}wgo can be realized as a measurable function on T x In¬ 
tegrating A^{g{-^(jj)) with A(-,a;) gives 


f A^{g{-,uj))jk{-,uj)diy^ 

dy 




X 


xyj A^{en{-,uj))jk{-,uj)du'^y 

Consequently, the mapping u —> JyA^{g{-,(jj))jk{-,(x)diy^ is measurable. 
Define 

hniy.uj) = XI ( / dy'i9i-^^))jki-,(x)diyAjkiy,uj). 


k=i 




For each I > 1 dehne 
ndu 


= min{n>l: X(/ '^'"^9{-,^))jk{-,^)dv^'^ <2 ^}. 

ky^Ti ^ 


36 




Every function hn^[^-){y^ u) is measurable and 

i/‘{\A^(g(-,Lu)) - > 1/0 < 02 -'. 

Hence, for each cj, 


^ z/^-a.s. 


and the function 


~ j lim/^oo Ki{u:){y,^), the limit exists 


otherwise 

is a mesurable realization of {A^{g{-,uj))}ujen 


□ 


References 

[1] A. A. Dorogovtsev and G. V. Riabov, Transformations of Wiener Mea¬ 
sure and Orthogonal Expansions^ arXiv preprint, arXiv: 1310.4722. 

[2] R. A. Arratia, Coalescing Brownian motions on the line^ PhD Thesis, 
University of Wisconsin, Madison, 1979. 

[3] Y. Le Jan and O. Raimond, Flows, coalescence and noise, Ann. 
Probab. 32 (2004), no. 2, 1247-1315. 

[4] A. Ju. Veretennikov and N. V. Krylov, Explicit formulae for the solu¬ 
tions of stochastic equations (in Russian), Mat. Sb. 100 (1976), no. 2, 
266-284. 

[5] B. S. Tsirelson, Nonclassical stochastic flows and continuous products, 
Probab. Surv. 1 (2004), 173-298. 

[6] A. A. Dorogovtsev, A stochastic integral with respect to the Arratia 
flow (in Russian), Dokl. Akad. Nauk 410 (2006), no. 2, 156-157. 

[7] A. A. Dorogovtsev, One version of the Clark representation theorem 
for Arratia flows. Theory Stoch. Process. 11 (2005), no. 3-4, 63-70. 

[8] T. V. Malovichko, Girsanov’s theorem for stochastic flows with inter¬ 
action, Ukrainian Math. J. 61 (2009), no. 3, 435-456. 


37 


[9] A. A. Dorogovtsev, The Fourier-Wiener transform of funetionals from 
an Arratia flow^ Ukr. Math. Bull. 4 (2007), no. 3, 329-350. 

[10] K. Ito. Multiple Wiener integral, J. Math. Soc. Japan 3 (1951), 157- 
169. 

[11] R. H. Cameron and W. T. Martin, The orthogonal development of 
non-linear funetionals in series of Fourier-Hermite funetionals, Ann. 
of Math. (2) 48 (1947), 385-392. 

[12] A. A. Dorogovtsev, Conditioning of Gaussian funetionals and orthog¬ 
onal expansion. Theory Stoch. Process. 13 (2007), no. 3, 29-37. 

[13] D. Revuz and M. Yor, Continuous martingales and Brownian motion. 
Third edition, Grundlehren der Mathematischen Wissenschaften, 293, 
Springer-Verlag, Berlin, 1999. 

[14] M. Ondrejat and J. Seidler, On existence of progressively measurable 
modifications. Electron. Commun. Probab. 18 (2013), no. 20, 6 pp. 

[15] A. A. Dorogovtsev, One Brownian stochastic flow. Theory Stoch. Pro¬ 
cess. 10 (2004), no. 3-4, 21-25. 

[16] E. B. Dynkin, Markov processes. Volume I, Grundlehren der Mathe¬ 
matischen Wissenschaften, 121, Academic Press Inc., Publishers, New 
York, Springer-Verlag, Berlin-Gottingen-Heidelberg, 1965. 

[17] E. A. Coddington and N. Levinson, Theory of ordinary differen¬ 
tial equations, McGraw-Hill Book Company, Inc., New York-Toronto- 
London, 1955. 

[18] D. W. Stroock, Partial Differential Equations for Probabilists, Cam¬ 
bridge Studies in Advanced Mathematics, 112, Cambridge University 
Press, Cambridge, 2008. 

[19] R. S. Liptser and A. N. Shiryaev, Statistics of random processes. I. 
General theory. Second edition. Applications of Mathematics (New 
York), 5. Stochastic Modelling and Applied Probability. Springer- 
Verlag, Berlin, 2001. 


38 



[20] E. P. Hsu, Brownian exit distribution of a ball, Seminar on stochas¬ 
tic processes, 1985 (Gainesville, Fla., 1985) 108-116, Progr. Probab. 
Statist., 12, Birkhauser, Boston, MA, 1986. 

[21] M. G. Garroni and J.-L. Menaldi, Green functions for second order 
parabolic integro-differential problems, Longman Scientific & Techni¬ 
cal, Harlow, 1992. 

[22] D. E. Edmunds and W. D. Evans, Spectral theory and differential op¬ 
erators, Oxford Mathematical Monographs, Oxford Science Publica¬ 
tions, The Glarendon Press, Oxford University Press, New York, 1987. 

[23] V. I. Bogachev, Measure theory. Vol. II, Springer-Verlag, Berlin, 2007. 

[24] D. W. Stroock, Probability theory. An analytic view. Second edition, 
Gambridge University Press, Gambridge, 2011. 


39 



